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The Origin of Stochasticity

Stochasticity:

e Thermal motion: Intracellular macro-molecules collide with
each other and with water molecules.

* At atime scale of 10°° sec, velocity information of typical
proteins is lost due to the random collisions.

 |nteractions between water molecules and macromolecules
are often modeled with white noise and friction force.

Homogeneity:

* At atime scale of 1073 sec, typical small proteins inside E.
coli will diffuse throughout the cell. Position information

of the proteins is therefore quickly lost due to rapid
diffusion.



Model of
the Homogeneous System

The state of a Homogeneous System is described by numbers of molecules
of each species.

Reactions occur randomly with a probability given by rate constants and
the number of combinatory cases.

No force fields

No velocities

No spatial variation
Markov process : all the
previous information is lost and N
current information determines
the next future events.

N

red 7 blue

Very idealized systems!
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When the numbers of molecules are small:

e Concentrations fluctuate in a discrete
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Stochastic Reaction Systems

* Concentrations fluctuate in a discrete manner.

— The number of Lacl tetrameric repressor protein
in E.coli ~ 10 molecules.

— If one Lacl repressor binds to a promoter region,
the number of free Lacl repressors = 9.

— 10% change in its concentration and number!
The change becomes discrete.



Reaction Rate Equations
cX+Y>7Z v=k[X][Y]
7 ->W v=kq|Z].
c X +X - X, v =k,[X]([X] - 1],

when the number of reactant X is small.
E.g., v=k, 4*3
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Poisson Process

* Consider proteins that are translated from
MRNA and degrade.

o r, =k, n
MRNA > Protein

Vv

r, is assumed to be constant.

r, is proportional to the number of protein
molecules, n.
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Poisson Process

Fo _ ry =k, n
mRNA —— > Protein >

The stationary statistics of n follows a Poisson distribution.
The variance of n [Var(n)] = The mean of n [Mean(n)].
Standard deviation of n [Std(n)] = [Var(n)]*/2 = [Mean(n)]*/2.

As the Mean(n) gets larger, the distribution becomes
narrower in the relative terms.
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Gillespie Algorithm

At each time point we must answer the following two questions:
1. Determine when the next reaction will occur.

2. Determine which reaction will occur.



Gillespie Algorithm

1. Determine when the next reaction will occur.

. Fo r, =k, n
Compute the time of next reaction: mRNA —————>  Protein——— >
7=-In( )/ ot
Mot =Fo T 1

What is the probability distribution of 7?

y = =expl-ry 71
Probability o< The slope of exp[-r,,, 7].

The probability that the next reaction will occur at [T, 7 + dt]
= expl[-r. 7] ry dt.  (r, : normalization factor)

Here we use the fact that the probability that a next reaction
will occur sometime in the future is equal to one.

4/24/2008 T

12



Gillespie Algorithm

2. Determine which reaction will occur.

The probability to choose a reaction r, among all possible reactions

=Ty / Mot

Therefore,

The probability that next reaction r, will occur during
T
[t,7+dt] = e ot 1,,, dt —
Ttot

= e "tot* r (dt




Proof of Gillespie Algorithm

o ry =k, n
MRNA > Protein (n) >

The number of proteins are updated at each time step t . = m dt.

Probability to jump from n to n+1 = r,dt
At t=0, start from n=10.

Generate a random number

»

e wane bet ween (0,

=t 3. |Ifrand <r,dt, n=11.
Probability to jump from n to n-1 =k, n dt 4. Elseifrand <(ry + k, n) dt, n=0.
5. Elseif n=10.
L /P N O O 6. This new nis the number of
| e protein molecules at t;= dt.
n=nsnst 7. Repeat step 2-6 and t,=2.
Probability to stay = [1- (k, n +r,) dt ] 8.
| ] . L] ] This can be less efficient than the

T T T T T T 1T T T 17 1T T Gillespie algorithm. It is possible
n-1n n+l that reactions do not occur.



Proof of Gillespie Algorithm

kyn o
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n-1 n n+l

* |Initially, the number of proteins = n.
 What is the probability that no reaction occurs up to time
T=m dt?
[1_ (kln + ro)dt]m — mlogfl- (kin+ry)dt] @— m(kin+ry)dt —a (kin+ry)t

The probability that next reaction r, will occur during

[T, 7+ dt] is

e—(k1n+ro) T 1. dt




Example 2

r ro=Kony ry =k, n
X ——Y (n) . Z (n,) :,
° S t a t a:u rQQ“, rrﬂ) ”nn
n,+1 rOCit n,+1
Ny \.’% g dt n; .
n,-1 \L ° n,-1 ]
rjat 1- (r+rg+r,)dt

n-1 ny, ny+1 n-1 ny, ny+1

* The probability that next reaction r, will occur during [T, 7 +

dt] is ( by )
—(1Tg+ 1o+ 1T1)T

e \'gTio 1,dt

4/24/2008



Stochastic Phenomena

Stochastic Focusing

Stochastic Switching

Single Events

Multiplicative Noise Effects



Stochastic Reaction Network

Stochastic Focusing

Stochastic Switching

Single Events

Multiplicative Noise Effects



Stochastic Focusing

e Stochastic Focusing:
Sensitivity increase due to stochastic effects.

[Paulsson, et al. PNAS 97, 7148-7153 (2000)]

* Two step cascade reactions:
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Stochastic Switching

e Stochastic Switching:

Bistability in a stochastic framework means
double peaks in the probability distribution
function of concentrations. Jumping from one
peak to another is possible with a finite
probability.



Stochastic Reaction Network

e Stochastic Focusing
e Stochastic Switching

e Single Events: Bifurcation in Phage A—infected
E. coli. [Arkin, et al. Genetics 149 1633 (1998)]

 Multiplicative Noise Effects
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Multiplicative Noise Effect

 Multiplicative Noise: Noise strength depends on the
state of the system.

E.g., Enzyme futile cycle reaction.
[Samoilov, et al. PNAS 102 2310 (2005)]

E, is allowed to fluctuate.
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Multiplicative Noise Effect

External Noise

e Var[E, ] < E,??
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