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Flux Constraints

| common need by metabolic engineers is to know the flux distribution
throughout a network and to understand how changes in the network
alter the flux distribution.

Two typical questions include:

1.2 KFdQa GKS YAYAYdzY ydzYoOSNI 2F Fi
order to determine albther fluxes?

2. What actually are fluxes | should measure?

These questions are normally asked in the context of steady state.



Flux Constraints

At steady state:
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Flux Constraints

Here is a simple guestion, knowing the steady
state relationship, what is the minimum number of
fluxes | need to measure to fully determine the flux

distribution?
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Flux Constraints

Here is a simple guestion, knowing the steady
state relationship, what is the minimum number of
fluxes | need to measure?
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Determined Systems
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Problems where onean actually measurde minimum
number of fluxes are calledetermined systems
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UnderDeterminedsystems

Problems where one does not have access to the minimum
number of fluxes are calleaghderdetermined systems

U1 — V9 — Vg — U

eg, if onecould only measursay, v1



Determined Systems
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Determined Systems
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v — Vg +vg = 0 6 fluxes,3 constraint
equations: How many fluxes
do | need to know to have a
determined system?

vy — vg3 + vy = 0
vg — U4 — vy = 0
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Determined Systems
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Determined Systems

— S —— Gy ——p

\ /
‘ 3

v o m =0 _
1T v But which three ?7?

vy —v3+vs =0
vg — U4 — vy = 0

13



Determined Systems
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v1 — v +vg =0 _
For example, what if we could

measure v1, v2 and v3? Would
these be sufficient?

vy — vg3 + vy = 0
vg — U4 — vy = 0
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Determined Systems
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For example, what if we could
measure v1, v2 and v3? Would
vg — Vs —v5 =0 these be sufficientNO

v1 — v +vg =0
vy — vg3 + vy = 0
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Determined Systems
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v1 — v +vg =0
Vo9 — VU vy = 0

27 V3t Vs v5 and v6 would do.
vg — U4 — vy = 0

However, by inspection, v3,

16



Determined Systems
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Row reduce this system to reduced echelon form:

I M Note, row reduction might
{ 0 0 } v=20

involve column as well as
row exchanges.

Partition the rate vector according to the partitioning in the echelon matrix

o o) [oa] =0



Determined Systems
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Multiply the termsout:

V1 — — M U9
The above equation implies that we have separated the rate vector
Into two groups, one group/R) which we have measured and another

group,v1, which we compute.

Call the v2 group the measured fluxes J
Call the v1 group the computed fluxes J¢&



Determined Systems
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Let us replace¢M) with the symboKo
(which is used in the literature)
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Example
1 0 0]
0 1 0
1 1 -1
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2. Add the 2nd row to the 1st row.

0
1
0

—1
—1
0
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3. Add the 3rd row times -1 to the 1st row.

Il 0 -1 0 0
0 I -1 O 1 0
0O 0 O 1 1
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4. And finally, exchange the 3rd and 4th columns.
m U9 U4 Vg Us U6

1 0 0 -1 0 1
0 1 0 —1 1 0
0 0 1 0 1 -1




N A Example
N/ i
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4. And finally, exchange the 3rd and 4th columns.

m U9 U4 Vg Us U6
[ 1 0 0 -1 0 1]
0 1 0 —1 1 0

0 0 1 0 1 —1

I -Ko|[Jo] _,
0 0 ||Ja| .
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These are the reactions one needs to measure;

[I KU] [J(_‘;] _0 vz U5 Us
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V1 = V3 — Vg
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Advanced Analysis

Nv =10

Npc Jpp+Nie Je =0
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Advanced Analysis

Npc Jpp+ Nic Jo =0

_ —1 You see this form
Jo = (NIC) Npc Jm in the literature

J(_j — —M JM From page 19

—(Nre)™' Npc IS Ky
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Advanced Analysis

Ko = —(Nic)™! Npc
WS NN} yISXDd

| Npc NIC][;U][]

N K=0

Strictly speaking -
it should be: Nr K =0
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Summary

N'rt=0 Moiety Conservation

Nrp K =0 Flux Relationships

No My

Many software tools that focus on cellular
network modeling will provide all these
terms: Jarnac, Copasi aRySCeS

Npc Nic

N =




Underdetermined Systems

In situations when you
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reaction rates what can you

do?



Underdetermined Systems

In situations when you

KISy Qi Sy2dzaK YSI adz2NBR
reaction rates what can you

do?

Linear Programming
otherwise known as:

Flux Balance Analysis



Flux Balance Analysis

[ AYVSIFENI t N2aINF YYAY3T KFa AdQa
was motivated by the need during wartime to solve
complex planning problems.

Applications:

Airline crew selection

Stock and bond portfolio selection

Oil refining and blending

Allocation of fluxes in metabolic pathways.
Central Economic Planning, Soviet Style

bk owbdE

The word programming is used in the sense of planning.
There is no relationship to computer programming



Flux Balance Analysis

Linear Programming is an optimization method that
requires two inputs:

1. A linear objective function
2. A set of linear constraints



Example

Consider a pharmaceutical company that
manufactures two drugs, sayandy from two
genetically engineered organisms, A and B.

Organism Drug

LA — X
| —
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Example

Assume that:
Organism A can produce 4 kg of drug x per day.

Organism B can produce 2 kg of drug y per day.

Organism Drug

— X
4kg/day

 —
2kg/day

38



Example

Let us assume that the factory can only process a
total of 5 kg of any drug per day duehandling
limits in the packaging department.

Organism Drug

— X
4kg/day

——> Max of 5 kg/day

S —
2kg/day
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Example

The company can make $100 per kg for drug x

and $150 per kg for drug y

Organism Drug

—— X($100

4kg/d
Eiand ——> Max of 5 kg/day
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Example

Question: What Is the optimal production rate
for drug X and Y in order to maximize profit?

Organism Drug

—— X($100

4kg/d
Eiand ——> Max of 5 kg/day
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Example

This Is a simple problem to solve without any fancy
algorithms but it illustrates how LP works.

Organism Drug

—— X($100

4kg/d
Eiand ——> Max of 5 kg/day
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Example

The manual solution is to first maximize the
production of the most expensive drug, that is X.
This would be 2 kg/day.

Organism Drug

—— X($100

4kg/d
Eiand ——> Max of 5 kg/day
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Example

What is left out of the 5 kg maximum we are allowed to
make Is 3 kg of the cheap stuff, X

The total profit is therefore: 2 * 150 + 3 * 100 = $600

Organism Drug

—— X($100

4kg/d
Eiand ——> Max of 5 kg/day
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Expressed as an LP Problem
We need two things for LP:

1. An Optimization Function
2. Linear Constraints.

What are we trying to optimize? PROFIT!

That is: Maximize $100 * x + $150 * y

Organism Drug

m X ($1OQ

——> Max of 5 kg/day

- 2kg/day Y ($1SQ
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Expressed as an LP Problem
LinearConstraints: = > 0 and y > 0
r<4andy <2

r+y<>5

Organism Drug

m X ($1OQ

——> Max of 5 kg/day

- 2kg/day Y($1SQ 46



Expressed as an LP Problem
r>0and y >0
r<4andy <2

r+y<5
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Expressed as an LP Problem

r>0and y >0
r<4andy <2

T+ Yy <5
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Expressed as an LP Problem

r>0and y >0
r<4andy <2

T+ Yy <5

Maximise: Z = $100 x z + $150 x y
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Expressed as an LP Problem

LP works by traversing the corner points
one by one.

The method starts at one of the corner points,
say (1).

The method then attempts to move to another
corner point which yields a better objective
function. If the method is unable to move the
it has found the optimum.

(1) $400

(2) $550

<~——Cornerpoint Eig 3288
y =
6 =

Maximise: Z = $100 x z + $150 x y
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Degenerate Problems

Sometimes two corner points yield

the same value for the objective

function, that is the solution is anywhere
along the line that connects the corner
points, such solutions are called
degenerate and indicate for example

that multiple combination of x and y are
equally profitable. In such situations, other
criteria may be brought into plaggtoxicity.

Maximise: Z = $100 x z + $150 x y

51



Shadow Prices

An important test that is often made on a

LP problem is to look at the optimal solution

if the constraints changd&.husif new packaging
equipment were purchased this would increase
the constraintx+y=5. A sensitivity test could be
done to establish what effect this would have
on profitability. Such sensitivities are called
shadow prices.

Such studies also allow one to gauge how robu
the solutions are.

Cornerpoint
y =0

4 5\ @
Maximise: Z = $100 x z + $150 x y
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LP Formal

The linear objective function that is generally a sum of
terms that contains weighted measurable elements from
a metabolic model.

Maximize: Z = c1xq1 + coxg + - -+ = clx

Subject to:
a1171 + a12x9 + -+ + a1pTy < by
a121 + a9 + - - + agp Ty < by

A1 T1 + Ay + -+ + ATy < by,
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Objective Functions in Flux Estimation

One of the first attempts to use linear programming to
estimate fluxes was by Fell and Small who used use LP to
Investigate fat synthesis in adipose tissue.

782 D. A. Fell and J. R. Small

Objective Functions:

Minimizing the amount of
glucose used pdricylglycerol

or Maximizing NADH production
from the pentose pathway

s N oA Growth is a very common objective
) =2, 3ATP + NAD NAQM‘N\AD FADH, + NADH + ATP O .
FADH2+2IADP+P;)i>2ATP+ FAD funCtlon .

Scheme 1. Reactions of the model of adipocyte metabolism

Fat synthesis in adipose tissue. An examinatiost@thiometricconstraints.
D A Fell and J®&mnallBiochem. J. (198@38(781¢786)



The Constraints

The constraints are much easier to define:
Nv = 0.

Other constraints:

1. The fluxes of external reactionsgglucose
consumption, lactate production.

Capacity constraint&/maximpose upper limits.
Some reactions might be absent due to particular
growth conditions

Thermodynamic constraints: Flux direction.
Sometimes internal fluxes are available.

W N
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Example

Assume only v1 and v5 can l@

be measured. This means
there is insufficient information E
and the system is underdetermined.

B

Also assume that v8 and v9 U, Uy
contribute to biomass.

@» (OF US
The objective function A © D——
could be a weighted some of
the fluxes that contribute to
biomass: -'

/ = c1ug + c90y9.

Experiments show that v8 and v9 are weighted by 0.5 and 0.75 respectively.
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Constraints: l@

’Ul—’Ug—’Ug:O

vy — Vg — vg = 0 v, v,
v3 + vg — vr = 0 glg Vg
A

204 —vg + vy =0
NN
vg — Vg = 0 U Vg

Constraints (The fluxes we know):

vl =10; v5 = 6 flux units -



Problem Formulated Software?

An excellent open source
library that implements the
LP algorithm. Can be
interfaced to many different
languages (Java,
Python,ScilapC/C++,
Delphi etc).

Matlab: TheMatlab LP
solver is calledinprogand
IS included in the
optimization toolbox.

CVXOPT: A Python Package
for Convex Optimization



